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1 Introduction 

Bosonization has become over the years an important tool for studying various two dimen- 
sional field theory phenomena. It has been successfully applied to the Tomonaga-Luttinger 
liquid model [|l|, to quantum impurity problems as well as in the theory of quantum 
Hall edge states [§], 0. The possibility of describing in this framework also anyonic type 
excitations, attracts recently much attention. Apart from a few considerations 0, p, 
generalized statistics were not very popular in the past. The discovery of the quantum 
Hall effect however, drastically changed the status of the subject, promoting it into a 
fundamental concept of modern condensed matter theory. 

In the physical applications of bosonization, one has to deal essentially with systems 
at finite temperature and density. This problem has been usually studied by means of 
functional integration in the real or imaginary time formalism of thermal field theory (see 
for instance |^). In spite of the progress reached along this way however, some relevant 
structural questions (e.g. the treatment of generalized statistics) are still open. There 
exist also some controversies, presumably related with genuine subtleties which appear 
in handling time-ordered paths in the complex time-plane. For all these reasons, we 
find important at this stage to test at work an alternative approach to bosonization at 
finite temperature and density - the real time operator formalism. This is precisely the 
goal of the present paper. We will work directly in infinite volume, thus avoiding some 
delicate problems related with the thermodynamic limit, especially in the presence of 
generalized statistics. The strategy will be to construct explicitly the thermal correlation 
functions of anyons, vector and chiral currents and to extract information about some 
physical quantities like the momentum distribution, the density and the persistent current. 
Our framework sheds new light on the role of the vector and chiral symmetries, which 
allow to introduce two independent chemical potentials. We expect the validity of our 
results to be quite general. Indeed, there are several indications (|^, 0, |]TD|]) that the 



correlation functions we derive, capture the main universal features of one-dimensional 
gap-less quantum liquids, which support anyonic statistics and generalize the Tomonaga- 
Luttinger one p|, |T2|. 

The paper is organized as follows. In Section 2 we collect some general algebraic 
properties of the free boson field and its dual, describing also the corresponding thermal 
representation. We also construct a set of anyon fields and establish their general prop- 
erties. Section 3 is devoted to the derivation of the anyonic correlation functions at finite 
temperature and density. The symmetry content of these correlators, which satisfy the 
Kubo-Martin-Schwinger condition, is investigated. The momentum distribution of the 
left- and right-moving anyonic modes is determined and a remarkable condensation-like 
phenomenon is detected. In Section 4 we consider the bosonization of fermion fields. A 



general family of solutions of the massless Thirring model, comprising also anyonic solu- 
tions, is considered in Section 5. We determine both the density and the persistent current 
of the model at finite temperature. Our derivation is free from any ambiguity and resolves 
the existing discrepancies in the hterature about the couphng constant dependence of the 
density. The last section summarizes the main results and contains our conclusions. 



2 From bosons to anyons 

The fundamental building blocks for bosonization in 1+1 dimensions are the free massless 
scalar field Lp and its dual if. These fields are required to satisfy the equations of motion 

g^'^'d^d, ip{x) = g^-'d.d, ^(x) = , g = diag (1, -1) , (1) 

the relations 

d^^{x) = e^,y d^ifix) , £oi = 1 , (2) 

and the equal-time canonical commutators 

M^) > ^{y)]\xO=yO = [^{x) , ip{y)]\^o=yO = , (3) 

[doip{x) , ipiy)]\:,o=yO = [do^{x) , ^iy)]\xO=yO = -i5{x^ - y^) . (4) 

Before constructing the finite temperature representation of ip and Ip, it is useful to recall 
some of their basic features which are representation independent (see also |T^ , [jl4| and 

HI)- 



2.1 General algebraic aspects 

One easily verifies that 



V 2 y 27r L 



(^(x) 



dk 



(5) 
(6) 



^, '-e{k) a*(/t)e'''=l"°-''="'+a(A;)e-''^l"°+*'="' 
V2 J 2tc L 

obey Eqs. (|l],|D. Here {a*{k),a{k)} are the generators of an associative algebra A^ with 
involution * and identity element 1. The fields (^§) satisfy the commutation relations 
provided that 

[a{k),a{p)] = [a*{k),a*{p)] = , (7) 

[a{k) , a*{p)] = A{k) 2'K6{k - p) 1 , (8) 



A{k) being a solution of 



|A;|A(A;) = 1 



There exists [0] a one-parameter family of distributions {\k\^ 
(0). A convenient representation is 



-1 



(9) 
: A > 0}, which obey Eq. 



dk\k\-,'f{k) = lim -f r^ 
vio dr] 






dk\k\^-^f{k) 



(10) 



where / is a test function of rapid decrease and 7^ is Euler's constant. The infrared origin 



of the mass parameter A is clear and well understood [^]. 

A direct consequence of Eqs. (H-H) are the commutation relations 









iDixi 



<^(X2)] 
-X2) 1 



iD{xi — X2) 1 



where 



D{x) 
D(x) 



-six 



°) 9ix' 



le{x')e{-x') 



(11) 
(12) 

(13) 
(14) 



are A-independent. Eqs. (|Tl],[T3|) imply that ip and ip are local fields. According to eqs. 



(0,14), tp and tp are however not relatively local. It is worth stressing that this fact, 
known to be crucial for bosonization, generalized (anyon) statistics, duality and chiral 
super-selected sectors, is universal and does not depend on the representation of ^_. This 
observation is essential for finite temperature field theory, where instead of the standard 
Fock representation JF of A-, one adopts a thermal representation 71 (see sect. 2.2), 
induced by a Kubo-Martin-Schwinger (KMS) state [|l^ over A^. 

In what follows we will frequently use the basis of chiral right and left fields. In this 
basis locality is less transparent, but one gains nice factorization properties. Introducing 
the light-cone coordinates 



the chiral fields are defined by 



r- r dk 

r- r° dk 

^^{x-) = V2l — 



x^ = x^ ± x^ , 

a*(A;)e*'=^"+a(A;)e-*^^" 
a*(A;)e-^'=^^+a(fc)e^^^^ 



ip{x) + ^{x) 
ip{x) - ip{x) 



(15) 

(16) 
(17) 



Combining eqs. (|n|-|T^,|TB||T^) , one finds 

[Vz, (Ci) , Vz, (C2)] = -i £(Ci2) 5^^^^ 1 , C12 = Ci - C2 , 
where Z = L, R and 



^ r 1 if Zi = Z2 

^1^2 1 if Zi ^ Z2 



(19) 



Let us denote by A^ the associative algebra generated by ^p^. Given any smooth real 
valued function /^, it is easily checked that the shift transformation 



«/, : ^,(C)^^.(C) + /.(C)1 



(20) 



leaves invariant both eqs. (|l|,|]) and the commutation relations (plsl). Therefore, aj^ is an 
automorphism of A^ . It can be given the form 



«/J^z(C)]=e^^-(^-V.(C)e"''2,(/,) ^ 
where the charges Q^ifz) satisfy 

[QzMzJ.VzM = -'fzAOSz,z,-^ 
[QzSfzJ,Qz,ifz,)]=0. 



(21) 



(22) 
(23) 



The automorphism ( pOD turns out to be essential for bosonization with non-vanishing 
chemical potential. 

We now turn to generalized statistics, which can be discussed at purely algebraic level. 
In fact, let us concentrate on the set of fields parametrized by ^ = {a, r) e M^ and defined 
by 



A{x; = z{X; exp 
where 



in 



{rq^-aqj 



■.exp{iy^[aip^{x)+Tip^{x^)]}:, (24) 



Qz = — 2z(l 

'TV 



(25) 



and the normal ordering : : is taken with respect to the creators a*{k) and annihilators 
a{k). The normalization z{X]^) will be fixed in what follows. Let us observe that due 



to eqs. (P^ , PBD , the relative position of the two exponential factors in P^ ) is irrelevant. 
Notice also that under *-conjugation, 

^*(^;0 = |3^^(^;-0 ■ (26) 



Although one may consider expressions more general then (P^, the field A(x; Q will be 
enough for our purposes. 

Using eqs. ([T8| . |2^j23| ) , we derive the exchange relation 



A{xi; ^i)A{x2; 6) = ^(2^12; 6,6) ^(^^2; 6)^(2^1; 6) • (27) 

The exchange factor TZ reads 

"^(2:12; 6, 6) = exp{-z7r[2(aia2 + riT2)D{xi2) + 2{aia2 - Tir2)D{xi2) + (ctiTz - 0-3^)] }. 

(28) 



The statistics of the field (p^) is governed by the behavior of (g^) for 6 = 6 = ^ ^^^^ 
space-like separated points x^g < 0- By means of eqs. ( []^|14|) , one gets in this domain 



A{xi;^)A{x2;0=(^M-M(^^ -T^)^ixl-xl)]A{x2;0Mxi:0 ■ (29) 

Therefore, A{x; ^) is an anyon field whose statistics parameter is 

^{0 = ^'-r' . (30) 

Bose or Fermi statistics are recovered when ^ is an even or odd integer respectively. 
The remaining values of {} lead to Abelian braid statistics. The basic fact behind this 
implementation of generalized statistics, is clearly the relative non-locality of ip and If. 
In our discussion below we frequently use the chiral currents 

j,(C) = ^a¥.,(c) . (31) 



A straightforward computation, based on eq. (|18]), gives 

b,(C) , A{x; 0] = 2^'6{C - x^)A{x; , (32) 

where 



(7 a z = R 


^z 


1 ^ 


a z = R 


T iiZ = L 


X — 


\ x+ 


iiZ = L 



? ~ { ^ \f 7 - T ^ ~ { r^+ \f 7 - T (33) 



Moreover, differentiating (^) with respect to x^, one finds 

d 



(9x^ 



A(a;;0=^<^:j,(x^)^(^;0: • (34) 



The energy-momentum tensor of the fields (f and (f has two independent components, 
which read in the chiral basis 

0.(0 = I ■■ dip.iOdcp^iC) := ^ : J,(C)J.(C) : ■ (35) 

Indeed, one can directly verify that 

[eACl),VziC2)] = -^^^AC2)SiCu). (36) 

Finally, we would like to point out that the short distance expansion of the product 
A*{t,xi;C,)A{t,X2',^) involves the chiral currents. In fact, normal ordering this product, 
one finds 

^*(2^i) ^{^2', = |-2(A; OP 6^P ['^cr'^u{Xxi2) + vrr^'u(Aa;^2)] ' 

: exp {iy^ [(r^R{x2) - (^Vr{xI) + -r^dxt) - r^dxt)] } ■ , (37) 



uiO = -- ln« + 6) = -- In Id - '-siO , (3^ 

7r TT 2 



where 



the presence of the parameter e > implies as usual the weak limit e — > 0. From (|37| ) one 
derives the expansion 

i7r|z(A;0re"l'^'"(^''")+"'"(^''^)l [ar]' j^ix') + rr]+j,{x+) + 0(r/+) + 0{t]-)] . (39) 

Eqs. (|3^ , |3^J36| ) are useful for analyzing the symmetry content and the dynamics of A{x; ^), 
whereas ( p9D is convenient in the study of the short distance behavior. 

Summarizing, we have introduced the basic algebraic tools for bosonization - the 
oscillator algebra A- and the related field algebras Aj^ and Aj^ . We have established also 
some identities needed in the construction of fermions and, more generally, anyons. Since 
A- and A^ are infinite algebras, some of our manipulations above were formal. In what 
follows however, we shall deal with operator representations of A- and A^ , in which the 
just mentioned identities hold at least in mean value on a suitable domain of the state 
space. 



2.2 Thermal representations 

We start this section by constructing a thermal representation 71 of A-, whose cychc 
vector is the Gibbs (grand canonical) equilibrium state associated with 

K^^H^-fi^N^, /i^<0. (40) 

Here 

—e a*{k)a{k) , N, = j —\k\ a*{k)a{k) , (41) 

are the Hamiltonian and the number operator respectively, and /i^ is the chemical poten- 
tial. The non-vanishing two-point correlation functions in this state are given by 

p-/3(|p|-Mb) 

(«*(pM^))'. =T3^=^(H^^Na'2^^(p-^)' (42) 

W^)«*(P))2. = i_e-L-..) '^'A'2^^(P-g)> (43) 

(3 being the inverse temperature. Notice that the Bose-Einstein distribution appears as 
a factor in the right hand side of (^ 43 ) . The parameter /i^ < allows to work with 
well defined bosonic correlators. Dealing with the physical anyon fields, introduced in the 
next section, we will take the limit /i^ — > 0. Let us also recall for comparison that 

(a*(p)a(g)), = 0, {a{q)a*{p)), = \p\~^^ 2'k5{p - q) . (44) 

in the Fock representation JF of A-. 

Referring to [|T8] for the rigorous argument, it is useful to sketch here a heuristic 
derivation of the expectation values (|^,^). Since they are constrained by the commutator 
(H), it is enough to concentrate for instance on eq. (021). Setting 



(.•(ri%)>g.. "[--;;'^lf'-« , (45) 



one finds 



WiMM - ^ ["""''<''*'' 



-/3(|p|-M.) Trk(p)e-"^^a(g)] ^ ^-,(|p|-,.) Tr[e-/^^.a(g)a*(p)] ^ 
-/5(H-Mfl) |p|-i 27tS{p -q)+ e-''(IPl-^s)(a*(p)a(g))/^^ , (46) 

8 



where eq.(^ and the cychcity of the trace have been used. Eq. (|B) can be solved for 
{a*{p)a{q))l^ and gives precisely (|42|). 

Using the commutation relation (|^), a generic correlation function can be reduced to 

m n 

{l[a*{p,)l[a{q,)f^^, (47) 

i=i j=i 

which can be evaluated by iteration from (see e.g. |18[) 

m n rn rn n 

i=l j=l fc=l j=2 j=i 



and the normalization condition 



(1)2, = 1 ■ (49) 



As it should be expected, the correlators derived in this way satisfy the KMS condition 
corresponding to the automorphism of A- 

as a*{k) = a*(A;)e*^(l'=l-^s) , «^ a{k) = a{k)e-''^^''^-^'B) , (50) 

generated by Kg. One easily checks for example that 

{[aMq)] a*(p))2, = {a*{p) [as-^i^QM, ■ (51) 



Summarizing, eqs. (^ , ^^ , ^91) completely determine the thermal representation 71 
of A-. Since the distribution |/c|^^ is not positive definite, 71 has indefinite metric. 
This property is peculiar of the two-dimensional world and it is also present in the Fock 
representation |T^ defined by eq. (^^. We will address some of its aspects later on, when 



discussing the physical representation of the anyon field (^4]). 

It is straightforward at this point to compute the correlation functions of ip^^ and ipj^. 
The mixed correlators vanish and we are left with ((/?2(Ci) ■ ■ ■ '^ziCm))^ , which define a 
thermal representation 7^ of the algebra Ar,. One finds, 

(¥^z(Cl)---¥^z(C2n+l))2, =0, (52) 

iVziCi) ■ ■ ■ vAC2n))i^ = J2(vACkJvzi(kX, ■ ■ ■ iVziCk^^-JvACk^X, , (53) 



where the summation runs over all permutations of the integers {l,...,2n}, such that 
fci < A;3 < ... < k2n-i and k2j-i < k2j for j = 1, ...,n. The two-point function, which is 
the fundamental building block, reads 



{^ACi)vAC2m.^HCi2;f3 



Mb 



^i 



2 / — kT^ 

27r ' '^ 



-/^dfehMe) 



1 



-/3(lfc|-Ms) 



g«fc(Ci2-«e) _j_ 



1 



-ik{(i2-it) 



-f3{\k\-i,g) 



(54) 



Since A > and |/u^| > 0, eq. ( [5^ ) provides a well defined integral representation of 
w{C] P, Hg). The full A-dependence and the singularity in yu^ = are captured by 



wiC; P,tJ', 



-K yf5\ii 



2 , I/^bIs^^ 



A 



In 



TT 



2z sinh ( —( — ie 



+ 0^), 



(55) 



where 0{iJ,g) stands for A-independent terms vanishing in the limit fig -^ 0. 

As already mentioned, the parameter ^u^ has been introduced exclusively for technical 
reasons. It has nothing to do with the chemical potentials for fermions and anyons. In 
order to recover the latter, we need the automorphism 



a,^^ ■ ^ziO ^^V^ziO-^C l^z^ 



of A^ , obtained by setting 



fziO 



/^z 



TT 



(56) 



(57) 



in eq. (^Of) . By inspection, a^ can not be implemented unitarily in 7^. In fact. 



K. bz(Ci)v^.(C2)])2„ = {VziCi)^ziC2))' + ^CiC 



■,2 • 



(5^ 



Therefore, by applying a^ one generates from 7^ a new representation T^{n^) of Ar,, as- 
sociated with the correlation functions {a^^ [v^z(Ci) ' " ' VziCn)])fi , which can be obtained 
directly from eqs. (|5^|54D by the shift (|56|) . 

Concerning the correlators (a^ [JziCi) ' ' ' JziCn)])'^ of the chiral currents (pl|) in 
T^{li^), it follows from eqs. ( p^p^D that they are both A-independent and regular in 
the limit //^ — > 0. Defining 



O.(Ci) ■ ■■JziU)l ^ lim {a. [j.iCi) ■ ■ -JziCmM 



'l^z 



Ms TO 



't^B 



(59) 
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one has for instance 

0.(0)2, = -^ , (60) 

{jACi)jAC2))1 = ^ - 4^ sinh-^ ( ^ Ci2 - te] . (61) 



At this point, one can derive the correlation functions of 0^(C) from those of the currents, 
using the following weak limit representation 



e,(C) = \ hm : dMOdMO ■■ = \ lim 



^JziC)jziC)+ ^ 



vr(C'-C-^e)^ 



(62) 



valid in T^{ii^). Combining (|6lD and (|6^) , one finds 



In conclusion, starting with the thermal representation 71 of ^_, we have constructed 
the representation T^{jj,^) of A^. We will show in what follows that 7^(/i^) and T^{jji^) 
provide the basis for bosonization at finite temperature. 

3 Anyons at finite temperature and density 

In this section we adopt the tensor product T^(yU^)®7^(/i^) for the construction of anyonic 
fields. 

3.1 The physical representation - basic properties and correla- 
tion functions 

By analogy with the zero temperature case, we concentrate on the g^-symmetric anyon 
correlation functions. Because of eq. (|32D , they are characterized by two selection rules, 
namely 

n n 

^a, = 0, J]t-, = 0. (64) 



11 



Using (0^), after some algebra one finds 

(a^JA(xi;ei)---A(x„;e„)])2^ 



Y[z{X;^i)exp{-ifx^aiXi -ifi^nxf) 



i=l 



exp < —71 



exp 



~nv{(3,fi^)^{a^ + T^ 



i=l 



E 

i,j — 1 

i<j 



aiajw{Xij; /3, /ig) + TiTjw{xtj; /?, /ig) - - (rid^ - r^ai) 



(65) 



where 






P 27r' '^ l_e-/3(|fc|-^3) TT V/?|yU 



A 2 27r 



(66) 



As in eq. (0), 0(^^) denotes A-independent terms which vanish for /i^ ^ 0. Conditions 
(|6^) immediately imply translation invariance of (|65l). A closer inspection reveals also 
that the right hand side of eq. (|65|) is: 



• (i) A-independent; 

• (ii) well defined in the limit fig ^ , 
provided that 






These features are shared also by the correlation functions 

K, [Jz, (Ci) • ■ ■ Jz^ (Cm) A(xi; eO ■ • • A(x„; Cn)] f. 



(67) 



(6^ 



involving the chiral current (pT]). Therefore, from now on, we impose both ( |6^ and (p7| ) 
and define 



Oz,(Ci) ■ ■ ■3,jCn.)A{xr-i,) ■ ■ ■ A(x„; in))",^,,^ = 

lim (a^^ [i^^ (Cl) ■ ■ ■ Jzm {.Cm)A{xi- ^i) ■ ■ ■ A{Xn] in)] ) 



/3 



(69) 
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Eq. (|B3[ ) implies 



exp 



n 

i<j 






^{naj - TjGi) - ifi^ Y^ aiX^ - ifi^ Y^ 



TiX 



i<j 

— smli —X,,- — le 



i=l 



j=l 



2^) 



— sinh I —xti — ie 



TT 



P 



U 



(70) 



Then, a generic correlator of the type ( |69D can be obtained by iteration via 
{Jz, iCi)jz, (C2) ■ ■ ■ J,,„ {UA{x^■ 6) ■ ■ ■ A(x„; U)^^,,^ = 



TT /3 



j^efcoth 



TT 



^(Cl-Xf)-Z6 



(jz,(C2) ■ • ■ j,„ (Cm)^(a;i; 6) ■ ■ -^(^^n; U)t 



I^L'I^R 



^E^....^-h-(^Ci,-^e) 



0z,(C2) ■ ■ -ViCj) ■ ■■JzJUAix,; 6) ■ ■ • A{Xn, Ufn 



/ir,Mp ' 



(71) 



the hat in the right hand side of ([7l| ) denotes that the corresponding current is omitted. 
One has for instance, 



(j«(Ci)j«(C2)A(xi;ei)---A(x„;e„))^ 
(A(xi;ei)---v4(x„;e„));^^, 



Mr^.Mf 



' Ml . Mii 



{2 -r / \ 71 2 

1 " 



TT 



-g (Cfc - ^i ) - ^e 



(Ci -x.)~ ie 



(C2 - X J - ze 



(72) 



Coming back to the points (i-ii) above, we observe that the property (i) is essential for 
our construction. Like at zero temperature, the A-independence of (^) signals positivity. 
In fact, repeating with some obvious modifications the argument of reference [^, one 
can prove that the correlation functions (^) are positive definite, which is crucial for the 
physical interpretation. Point (ii) in turn, allows to eliminate /i^ from the g^-symmetric 
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correlators, in agreement with the fact that the relevant chemical potentials at anyonic 
level are //^. This issue is discussed few lines below. 

We are now in a position to perform an important step - the definition of the physical 
quantum fields {Ap^{x]^),j^^{()}. Let us introduce for this purpose the set 
S = {,^1, —^1, ..., ^n, —Cn} and let us consider the family {A{x; C,) : ^ E S}. We define 

O'z'(Ci) • ■ • Jt (C-)^''(^i5 ?i) • ■ -^"'(^n; U)tSn ^ 

{jzSCi)---JzjCm)A{x,;^,)---A{xn,U)f.^,,^ if (64) holds; 

otherwise. 

Being positive definite by construction, the functions (^) determine, via the reconstruc- 
tion theorem []T1|, the fields {A^^{x; ^) ,j^^{C) '■ ^ £ S}. The explicit form of the physical 
correlators ([73|) is quite remarkable and deserves a comment. Without current insertions, 
the equal-time n-point function is a finite temperature and density generalization of the 
Jastrow-Laughlin wave function 0. We recall that the latter describes the n-particle 
ground state in several one- dimensional models, showing a Tomonaga-Luttinger liquid 
structure. In that context, the current insertions in (|73|) are associated with the charged 
excitations of the liquid. Let us mention also that (|73D admits a well defined continuation 
to imaginary time, which still represents finite temperature and density version of the 
Jastrow-Laughlin wave function, though in two spatial dimensions. 

The expectation values ( |75D are invariant under the transformations: 

AP\x; ^ A^\ix' + t, x'); , jf (C) ^ J?(C + t) , t G M ; (74) 
A^\x; ^ e-'-'n'^ A^\x; , jf (C) ^ jf (C) , s^eR; (75) 

A^\x- ^ e--- A^\x; , jf (C) ^ jfiO , s.eM. (76) 



We denote the corresponding conserved charges by H and Q^ and we consider the auto- 
morphism as generated by 

K^H-f^,Q,-fi^Q, . (77) 

Using that 

«. [jfiO] =jfiC + s), a, [A^\x;0] = e-('^H'^+^^-) Ap'^((x° + s,xi); , (78) 

one can verify that the physical correlation functions (|73D obey the KMS condition relative 
to as with (inverse) temperature f3. In particular, 

\A [Xi] C,l) ■ ■ ■ A [Xm',^m)0:s+ii3 [A [Xm+l] Q,m+l) ' ' ' A [Xn'i <,n)\/ fj,^^ ^^ = 

{as [AP\x„+i; e^+i) ■ ■ ■ AP\x„; ^0] A^\x,; 6) ■ ■ ■ A^^x^; U))fSn ' ^^^^ 
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for any 1 < m < n. This result is fundamental for the physical interpretation of our 
construction. 

At zero temperature (i. e. in the limit (3 -^ oo), the anyon correlation functions are 
in addition invariant with respect to dilatations 

A^\x; ^ P^^'^'^^'^ A^\x; , ^ > , (80) 

and Lorentz transformations 

A^\x; ^ e'^i^'-^'^^ A^\A{x)x; 0, X e M , (81) 



where A(x) is the 1+1 dimensional Lorentz boost with parameter x- From (pO| , |8TD we 
deduce the dimension 



and the Lorentz spin 



diO ^ li^' + r') , (82) 



m^l{^'-r') = lm (83) 



of A^^[x]^). In spite of the fact that transformations (^,^) do not define exact sym- 
metries at finite temperature, we would like to mention that there exist an alternative 
conformal field theory approach to bosonization (see e.g. [^ and references therein). 

Let us collect now some of the basic properties of {A^^{x; ^) , j^'^(C) : C ^ '='}) which 
follow from their correlation functions. Combining (p6D and (0), one gets 



A^'^*{x-0 = A''\x;-0 . (84) 

The exchange matrix and the statistical parameter of the physical anyon fields are given 
by (^8|) and (|30|) respectively, whereas ([7l|) implies 

[jf (C) , A^\x; 0] = 2e^5(C - x')A^\x; , (85) 

where the notation (|33|) has been used. The translation of eq. (|3^ ) in terms of physical 
fields reads 

t7ie'-jf{x')A^\x; : = ^A^\^; . (86) 
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where the normal product 



is defined by 



: ^■Ph(^z)^ph(^. ^) : ^ li^ ljf(y^)A^^(x; + ^ coth 



y^x 



{y-xY -ie 



A^\x;0 



The counterpart of eq. ( |62D is 

1 



©f(C) 



hm 



'^■?(C').f(C) + ;(^,3^' 



and using the physical correlation functions one finds: 

[ef (C) , A^\x; 0] = -^^(C - x') ^A^\x; , 

[0f (Ci) , 0? (C2)] = 5'(Ci2)[ef (Ci) + ef (C2)] - ^^'^"'(Ci2) 



^7) 
(88) 

(89) 
(90) 



Eqs. ( p^j90| ) provide a consistency check on the physical correlation functions ( |73D and 
(^). Moreover, the (J'" -contribution in the right hand side of eq. (|90|) fixes the value 
of the central charge. As it should be expected on general grounds, the latter is /9- and 
/i^-independent. 

Finally, from eq. (^) one gets 

C^\x, r/; = ^ [A'"'*{x + v; A^\x; - A^\x; ^"'*(^ - v; 0] = 

in (27r)-'^(«) ^7.[aMv-)+rMv+)] [ar]~jf{x~) + TT]+jf{x+) + 0(7]-^) + 0{7]-)] . (91) 



This identity suggests that A^^ and j^^ are not independent and that one can recover 
jph f]~Qj-Q ^ph ^j point-splitting. For this purpose we assume that r/ is a space-like vector 
(77^ = ri~^r]~ < 0) and observe that the behavior of Cp'^(x,?7;^) when 77 — > is direction 
dependent. Setting 



zAv.O 



i^^0^^-7r[<72«{,,-)+r2«(r,+ )] 



iirrj^ 



one gets from 






lim 

riHO 

lim 



hm Zjr/;OCP\x,r/;0 

ri"l-V 



(92) 

(93) 
(94) 
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We stress that the two hmits in the right hand side of (PB| ) and (P^ ) do not commute and 
must be taken in the prescribed order. One constructs in this way j^^ {j^^) from A^^{x; ^), 
provided that cr 7^ (r 7^ 0). We would hke to mention that the inverse operation is also 
possible. A^^{x] ^) can be expressed in terms oi j^, which allows to develop a framework 
for bosonization, totally based on the algebra of chiral currents. We refer for the zero 



temperature case to |13| and [22 



Summarizing, with any set S a thermal anyon representation T(S;/i^,//^) is asso- 
ciated, which is defined by the expectation values ([73|). Let us consider the set S = 

{e, -e, e, -ei with 

e=(a,r), e={r,a), ^(0 = a^ - r V . (95) 

The corresponding representation will be denoted by T{a,r] fx^, fi^^) and is essential in 
the bosonization of fermions. 

In what follows, we will use exclusively the physical anyon representations constructed 
above, omitting for sake of notation simplicity the apex "ph" . One should always keep in 
mind however that {A{x;^) ,Jz{.0 '■ i^'^} and {A^^{x]^) , j^'^(C) : if ^ S} are different 
quantum fields. 

3.2 Momentum distribution and anyon condensation 

In order to get a deeper insight into the physical properties of the field A{x\^), it is 
instructive to derive the relative momentum distribution. For this purpose we consider 
the Fourier transform 

/oo 
(i2xe*^^°-*^^V^(x;0 (96) 

-00 

of the two-point function 

W^{x,,-i)^{A*{x,-i)A{x,-0)L,,- (97) 

Employing eqs. (^,^) one easily derives 

W\u, ^' ^) = ^ ^ (1 + ^ + '"«^' ^'' ^) ^ (1 - ^ + ^^^' ^'' ^) ' (98) 

where 



Q{k-a,p) = / dCe'''^ 



00 



2i/3 sinh ( —( — ie 
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a > . (99) 




0.6 a 



Figure 1: The momentum distribution g{k;a,f3 = 1) 



The evaluation of the integral (p9D gives 
g{k;a, (3) = 



(^)i-a Q^^k Y (la + J-(3k) [27rr(a)]-i for a > , 
27TS{k) fora = 0. 



(100) 



Since the contributions of the left- and right-moving modes factorize, it is convenient 
to consider first the particular cases 



W^{uj, k; {a, 0)) = 2ttS{uj -k)g{k + ^j 



a; 0-^/5) , 



and 



W'^iu, k; (0, r)) = 2n6{u + k)Q {-k + ^u^r; r^, (3) 



(101) 



(102) 



Eqs. (|101|J102D have a simple physical interpretation: the (^-factors fix the dispersion 
relations, whereas the ^factors give the momentum distributions. Eq. ( |101[ ) for cr = ±1 
and eq. ( p.02| ) for r = ±1 provide useful checks. From the exchange relation (^9]) we 
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already know that the fields A{x; (±1, 0)) and A{x; (0, ±1)) have Fermi statistics. In the 
next section we will show that they are actually canonical right and left chiral fermions. 
In agreement with this fact, setting a = 1 in eq. ( |100| ), we get from ( |10iyi02D 



W^{u,k] (±1,0)) = 27iS{uj - k) 



1 



l^Q-P{k±l^ii) ' 



(103) 



W^{u,k;{0,±l)) = 2n6{uj + k) 



1 



I _|_ g/3{fcTMz,) 



(104) 



As expected, the familiar Fermi distribution at finite temperature and chemical potential 
is recovered. The corresponding Fermi momenta are 



k^. 



Tf^R, 



k^ 



±/^i 



(105) 



-10 




Figure 2: Condensation-like behavior of g{k; a = 10 ^, /9 = 1) 
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Figure 3: The momentum distribution g[k; a = 10 ^, /3 = 10 



-i\ 



Turning back to the general expression ( |100| ), we see that for a > the distribution g 
is a smooth positive function, whose asymptotic behavior is encoded in 



g{k;a,p) 
g{k;a,(3) 



r(«) 

g/3fc 

T(a) 



k 

_ ^ 

~2^ 



Q-l 



a-1 



k ^ oo , 
k — >• — oo 



(106) 
(107) 



One can get a general idea about g from 3D plot in figure 1. In the range a > 1, 
g is monotonically increasing on the whole line k ^ M.. When < a < 1, ^ increases 
monotonically for A; < and, according to eqs. ( |106| , |107D , admits at least one local 
maximum for k > 0. Let us denote the position of the first one (when k moves from 
to oo) by k^{a,l3). We have numerical evidence that this maximum is unique, but we 
have not an analytic proof of this statement. The plots of g (see figs. 1-2) indicate an 
interesting condensation- like behavior around k^. The phenomenon is clearly marked for 
small values of the temperature and/or of the parameter a in the domain < a < 1. 
We find it quite remarkable that for any fixed temperature, one can achieve an arbitrary 
sharp anyon condensation, taking a sufficiently small a. See in this respect figure 3, where 
the momentum distribution is plotted for f3 = 10~^. 

Concerning the behavior of W^{uj, k; ^) (see eq. (PSI)) when both a ^ and r 7^ 0, 



20 



the above analysis implies condensation at 



uj = k^{a'^,P) + k^{T'^,P) - fx^a- fi^T, 



(10^ 



k = k^{a',(3) 



kcir\P) 



H^a + n^T. 



(109) 



provided that < a^ < 1 and < r^ < 1 

It is worth mentioning that the condensation effect we discovered, does not contra- 
dict the Hohenberg-Mermin- Wagner (HMW) theorem about the absence of condensation 
in one space dimension. The point is that under very general conditions, any anyonic 
statistics can be equivalently described by a suitable exchange interaction with two- and 
three-body potentials, determined p3[ by the exchange factor (pS]). When these poten- 
tials are confining, some assumptions of the HMW theorem are violated and condensation 
2i|, [25] even in one dimension. 



may occur 



In conclusion, we have shown that the right (left) moving modes of the anyon field 



A{x; ^) condensate in the range < a^ < 1 (0 < 
phenomenon are currently under investigation p6| . 



< 1). Some applications of this 



4 A particular case - fermions 

An useful testing ground for the bosonization scheme proposed above is provided by the 
free fermion field. The possibility to express the latter in terms of bosonic fields, was 
discovered long ago by Jordan and Wigner [^ . Using the general results of the previous 
section, we will discuss below some aspects of this phenomenon at finite temperature and 
density. Let us start by the 1+1 dimensional massless free Dirac equation 



where 

i/j{x) = 

One easily verifies that 



i)2{x) 



ipi{x) 



dk 

2^ 



Yd,i/j{x) = , 



7 



1 

1 



7 



-1 

1 



(110) 



:iii) 



d*ik)e'^'' +bik)e 



-ikx 



i^ni^ ) , 



(112) 
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^2 (a;) 



° dk 

-^ 27r 



b{k)e 



Ikx'^ 



d*{k)e 



-ikx'^ 



i^A^^) , 



(113) 



obey eq. (|110|) . Here {6* (A;), b{k), d*{k), (i(A;)} are the generators of an associative algebra 
A+ (with involution * and identity element 1), which are assumed to satisfy the anti- 
commutation relations 



{bik) , bip)} = {b*{k) , b*ip)} = {dik) , dip)} = {d*ik) , d*ip)} = 
{b{k) , b*{p)} = {d{k) , d*{p)} = 27r6{k - p) 1 . 



Combining eqs. ( |112| - |113D and ( 114 ), one finds 

{^(X1),^(X2)} = 0, {tlj{xi),r{x2)} 



6{x 



12; 







5ixt,) 



(114) 



:il5) 



which in particular imply the equal time canonical anti-commutation relations. 
As a consequence of ( [11(J| ), both the vector and the axial currents 



j^{x) = : ^-f^ip : (x) , f(x) = : ^7^7^^ : (x) 



1' ^ iV , 



(116) 



are conserved. Here -0 = -0*7° and the normal product is relative to the creators 
{b*{k), d*{k)} and the annihilators {b{k), d{k)}. The duality relation 



holds because of the identity 7^7^ = e^^Y ■ 0^6 has 

[io(x) , V'(2/)]Uo=yO = -5{x^ - y^)i){y) , 



(117) 



(118) 
(119) 



The conserved charges relative to j^ and j^ read 

Q = 



°° rlk 

— [b*{k)b{k)-d*{k)d{k)], Q^ 



2n' 



°° dk 

—e{k)[b*{k)b{k) - d*{k)d{k)] . 



2tx 



(120) 



Let us consider now the thermal representation 7^ of ^+, whose cyclic vector is the 
Gibbs equilibrium state associated with 



Kp = Hp- iiQ- /i^Qs ^, /ig G 



:i2r 
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where 



H^ 



dk 

2^ 



k\[b*{k)b{k) + d*{k)d{k)] 



:i22i 



is the Hamiltonian of the free Dirac field. We stress the presence of the chemical potential 
/ig, associated with the chiral symmetry. The non- vanishing two-point expectation values 
in this equilibrium state are: 



{b*{p)b{q))'. 



-/3[b|-M-e(p)M5 



^^'^5 ]_ _|_ e~/^[|phA'-£(p)/^5] 



2tt6{p - q) , 



(123) 



{Kp)b*iq))' 



^''^'5 I ^ Q-mp\-n-e{p)ns] 



2-kS{p - q) , 



(124) 



{d*{p)d{qm 



-/3[|p|+M+e{p)M5 



M./^s 



I _|_ g-/3[|p|+M+e(p)M5 



27r6{p - q) , 



(125) 



{d{p)d*(q))i 



^5 ]_ _|_ g-/3[|p|+M+e(p)M5] 



2'7i6{p — q) 



(126) 



Like in the bosonic case, by using (1)^ = 1 a generic n-point function can be expressed 
in terms of ( |123| - |126D . The correlation functions of if) are therefore fully determined. The 
ones involving -0* and ipa with the same value of the index a, can be reduced by means of 
eqs. ( [TT5D to 



(7/^*(xi) ■ ■ ■^i*(x^)V^i(2/„) ■ ■ ■^i(l/i))2,^.^ = 5,nn(^Qt{i)l{xi)^i{yj))1^^^ 

1 



(^mn GXp 






2i/3sinh ^ 



(127) 



(ipliXi) ■ ■■^l)*2{Xm)lp2{yi) ■ ■■Myn))i. = (^mn det (V^;(Xi)V'2(2/i))|^, 



(^mn GXp 






2if3 sinh 



U^i - VjV - ^e 



(128) 



The expectation values involving both ■0i and 11)2 factorize in the product of two correlators 
depending only on ipi and ■02 respectively. For the currents ( |116| ), one gets 



{Ux))l^^ = ^ 



^5f^\\fB _ A'-s 



{foix)) 



M.Ms 



n 



(129) 
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It follows from eq. ( 117 ) 



{nix))U = -f 



(130) 



which clarifies the physical meaning of the chemical potential /ig. It gives rise to a persis- 
tent current at finite temperature. We will discuss later on this interesting phenomenon 
in the context of the Thirring model. 

Let us show now that the free fermion field considered above, has an equivalent 
bosonized description. For this purpose we take the representation T(cr, 0;/^^, fi^) and 
set 



^(x;o-) 



^i(x;a) 
^2(x;a) 



A{x;{a,0)) 
A{x;{0,a)) 



:i3i) 



Since \E'i and \1'2 depend on x and x~^ respectively, the field \E' obviously satisfies eq. 
( IllOl) . According to eq. (|30|) , the corresponding statistical parameter is 



^ = a' 



a^O. 



(132) 



showing that, in general, \E' obeys anyon statistics. The existence of anyonic solutions of 
the free Dirac equation ( |1 10|) is not surprising. Let us recall in this respect that there is 
no genuine notion of spin in 1+1 dimensions, because the rotation group is trivial. Being 
associated with the one-parameter group of boost transformations, which is non-compact, 
the Lorentz spin /(^) (see eq. (|83D ) may take any real value. 

At this point we need the correlation functions of \1'. From eqs.(70,73), one gets 



[%{xi- a) ■ ■ ■ ^t(a^m; ^)*i(?/n; ^) ■ ■ ■ ^i(?/i; (r)) 



/3 



^mn GXp 






n 



i.j — \ 



2i(3 sinh ( '^x^^ — ie 



n 



i.j — l 



2i(3 sinh ( ^y^^ - ie 



i;*^_^ 1 22/? sinh 


%Xi-yj) -ie 


r 


•} 


(^^(xi; a) • ■ ■ ^;(x„; a)*2(?/n; (x) ■ ■ ■ ^2(2/1; o-))?^,^^ = 


-- 6mn exp 


■ -rn 

'■'■1.3 = 1 


2il3smhUxtj-i^ 


^2 

■ -rn 

'■'■i,3 = i 

i>3 


2z/3sinh(|y+- 


- le 
J . 


a2 



(133) 






n^.i \ 2^/^ sinh ^{xi -yj)+ -ie 



(134) 



24 



Since the mixed \l/-correlators factorize like in the ijj-case, it is enough to compare eqs. 
( |133|J134|) with eqs. (|127| , |128|) . For this purpose we observe that the ie-prescription in the 
numerator of ( p.33| ) and ( |134| ) is actually superfluous and the identity 



det 



n;;^.^^ 2^/3 sinh (fx,,) n:,.^, 2^/3sinh (1 



pyij 



2z/3 sinh 



[Xi - Vj) 



le 



n".^,2i/3sinh 



[Xi -Vj) - le 



(135) 



holds. The proof of Eq. ( |135| ) is given in the appendix. Eq. ( |135D generalizes 



det 



1 



n 



i<3 



[Xi 



n" (^^.) 



{Xi - Vj - le) 



n" (^»-2/i-^e) 



(136) 



which makes possible the bosonization at zero temperature. 

In view of ( |135|) , we conclude that the correlation functions of iIj{x) and \l/(x; a) coin- 
cide, provided that 



a 



and 



/i. 



a 



;(/i + /i3 



1 



A^z 



a 



(/i-Zi^). 



(137) 



(138) 



In other words, the representations T(l, 0; /x + Zig, fi — fi^) and T(— 1, 0; —fi — fi^, —n + fi^) 
are equivalent and yield the bosonized version of the field "0. For 



a^ = 2n + 1 , n>l 



(139) 



\l/(x;cr) still possess Fermi statistics, but is not canonical. According to the results of 
the previous section, the momentum distributions of both \l/i(x;o") and ^2(2^; o") signal 
condensation in the range < cr^ < 1. 

For completing the Fermi-Bose correspondence, we have to find in T(cr, 0; /i^, yU^) the 
counterparts J^ and J^ of the fermionic currents ( |116|) . Let us define 



Jo{x) = -Ji(x) 
Ji(x) = -4ix) 



-^[iR(a; )+JLi^^)] 



1 
2^ 



[Jni^ )-Jl(2^^)] 



(140) 
(141) 
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These currents are conserved by construction. Moreover, eq. ( |7TD implies 

[Mx),^{y)]Uo=yO = -d{x'-y')^{y) , (142) 

[4{x),^{y)]Uo=yO = -5ix'-y')^'<il{y) , (143) 



which precisely reproduce eqs. ( |118| , |119[ ). Notice that the normalization in ( 14U| , |14lD is 



uniquely fixed by requiring ( |142| , |143| ). Using (pO|), one finds 



As it should be expected, ( |129| ) and (|144D are equivalent, if ( p.37| , [138| ) are satisfied. 



{M^))i,^., = 77— K + /^J, (4(a;))l,Mp = 7^rrK-/"J- (144) 



5 The Thirring model 



The Thirring model |^ has been extensively studied in the past. The classical equation 
of motion is 

iYdu'^ix) = gTT [^{x)-fu^{x)]Y'^ix) , (145) 

where (? G M is the coupling constant and the factor n has been introduced for further 
convenience. Both vector and chiral currents, 

J^{x) = ^(2;)7^^(x) , 4{x) = ^(x)7^7^*(x) , (146) 

are conserved, satisfy the duality relation 

4{x) = e,,J^{x) , (147) 

and have the following equal time Poisson brackets 

{ Jo(0, x') , ^{0, yi)}p.3. = -S{x' - y')^{0, y') , (148) 

{ Jo^(0, x') , v[/(0, yi)},.3. = -S{x' - y'h'^iO, y') . (149) 

Introducing 

J+{x) = Jo{x) + Ji{x) , J_(x) = Jo{x) — Ji{x) , (150) 

eq. ( |145| ) can be rewritten in the form 



2id+'^i{x) = ^TT J+(x)^i(x) , 2z9_^2(a;) = gir J^{x)'^2{x) . (151) 

Our problem is now to quantize this system at finite temperature and chemical potentials 
fi and /i^, associated with the charges Q and Q^ generated by the currents ( |146|) . More 
precisely, we look for operators {^, J+, J_} acting on a Hilbert space and satisfying the 
requirements: 
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(a) there exist suitable normal products A^[J+\l/i](2;) and N[J_'$2\{x), such that the 
quantum versions 

2id+'^i{x) = g7iN[J+^i]{x) , 2id.'^2{x) = gn NlJ.'^ilix) , (152) 

of (|151]) hold; 

(b) the operators 

M^) = ^[-/+(^) + J-i^)] , Jii^) = llM^) - J-i^)] , (153) 

are the components of a conserved current Ju{x) and 

[Jo{x) , ^{y)]Uo=yO = -5{x' - y')^{y) ; (154) 



• (c) the axial current J^{x) is related to Ju{x) via the duality relation ( |147|) and it 
is also conserved; 

• (d) the correlation functions of {\E', J+, J_} obey the KMS condition relative to the 
automorphism 

as ^i(a:) = e*'('^+^5)^^(a;0 + s, x^) , a, ^2{x) = e^'('^-'^5)^^(a;0 + s, x^) , 
asJ±{x) = J±{x° + s,x^), seR, (155) 

with (inverse) temperature (3. 

In the previous section we have actually solved the problem defined by (a-d) in the case 
g = 0. This solution suggests considering the representation T(cr, r; fi^^, fi^) (see eq. (p5|)) 
and setting 

^iix) = Aix;0, ^2ix)=A{x;e), (156) 

which generalizes eq. ( p.31|) . The next step is to identify the normal product A^ we are 
looking for, with :■■■:. Then, defining 

-Ui^) = —JA^^) ' J-i^) = —Jni^') ' (157) 

a + T a + T 



we see that (p6D implies ( |152| ), provided that 

2r{a + T)=g. (158) 
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In addition, inserting ( |157| ) in ( |1 53| ) , we find that the requirements of point (b) above are 
satisfied. Let us focus on (c). The duahty relation ( [L47| ) defines a conserved chiral current 
J^{x) in terms of Jp{x). A simple computation gives 



[Jl{x) , ^ 



a — T 



a + T 



5{x' - y'h'^iy) 



Because of eq. ( p.58|) , ioi g ^ one has 

a — T ^ a + T , 



(159) 



(160) 



which shows the presence of a quantum correction in the right hand side of ( |159| ) with 
respect to ( |149|) . This is a known unavoidable feature p9|, following from (a-b). 

Finally, let us consider condition (d). From the results of Sect. 3.1 we deduce that it 
is satisfied, if the parameters fj,^ of T{a, r; fj,^, /x^) are fixed according to 



1 1 



1 1 



:i6i) 



Using eqs. 
found: 



cr + T a — T a + T a — T 

and ( |158| ) one can express (cr, r) in terms of {g, t?). Two solutions are 



a 



a 



g + 2'd 



9 



g + 2^ 



9 



2VgT^ 



^VgT^ 



(162) 
(163) 



Since (cr, r) G M^, the coupling constant g and the statistical parameter ■& are constrained 
by 



i»>-g. 



(164) 



Anyonic solutions of the Thirring model have been proposed and investigated recently 
also in |]5D[ . 



The correlation functions of the Thirring field ^ follow directly from eq. ([70| ) and 
coincide for both solutions (|162|) and ( [L63| ). From eqs. (|60| , |1 5 7| , p!6ll - |l 6 3|) one can derive 
the expectation value of the Thirring current J^ix) in the Gibbs state: 



{Mx)y 



/^ 



M.P's 



TT{g + i3) 



{Mx)f 



M.Mg 






(165) 



Comparing eq. ( |165|) to the free case 



by the interaction and the anyon statistic. Previous investigations d^Tf, |32 



one observes nontrivial corrections induced 

1) of the 
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charge density {Jq{x))^ in the case i? = 1, have given contradictory results. We confirm 
the result of [^] and |3^ and extend it to the general class of anyon solutions with d ^ 1. 
In the functional integral framework of [32| and [^, the ^f-dependence of the charge 
density stems from topological contributions. It is worth stressing that our operator 
approach reproduces the same gf-dependence in a fiat 1+1 dimensional Minkowski space- 
time. 

To our knowledge, the appearance of a persistent current {Ji{x))'^^^ in the finite 
temperature Thirring model represents a novel feature. We would like to recall in this 
respect that persistent currents of quantum origin have been experimentally observed 
p4| , [p5|] ) in mesoscopic rings placed in an external magnetic field. Such fields are absent 



in the two-dimensional world, but chiral symmetry, combined with duality still allow for a 
non- vanishing (Ji(x))'^ . Notice that the persistent current ( |165| ) grows for small values 
of "!?, diverging in the limit •& ^ 0. 

Concerning the energy-momentum tensor T^y{x) of the model, by means of eq. ( ]89| ) 
we find that 

roo(2;) = Tii{x) = 0^(2;+) + 6^(x") , 

Toiix) = rio(x) = 0,(x+) - Q^{x-) , (166) 

generate on the Thirring field \l/ the right transformations 

[To,(xi) , ^(X2)] L.o=,o = -29,^(X2) 6ixl,) . (167) 

Employing eqs. ([7^ , |88|JT6T| , |1 6 5|) one derives the following energy and momentum densities: 



{Too{x))i,^ 



n ^f^l+fil 



6p 



4n 



6^+2^^ + ") 



(M^K,, 



{M^))i, 



(^oi(x))L3 



/^ 



f^l 



Air 



nig + ^){Mx))i^(Mxm 



'M.Mg 



When {Ji{x))^^^^ = 0, the energy density coincides with the pressure and 



,^5 



(168) 

(169) 
gives rise 



to an equation of state, relating temperature, pressure and density. 



6 Conclusions 

In the present paper we have developed an operator formalism for bosonization at finite 
temperature and density, which applies not only to fermions, but covers the case of gen- 
eralized statistics as well. The approach is systematic, works directly in infinite volume 
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and produces an explicit solution. Starting from the conventional cliiral field algebras 
{A^ : Z = R, L}, naturally associated with the free massless scalar field ip and its dual 
if, we have constructed a set of fields A{x, ^), parametrized by .^ = (a, r) eM"^. For generic 
values of ^, A{x, C,) exhibits Abelian braid statistics. The basic tool in our framework is 
the thermal representation 7^(/i^) ® 7^(/i^) of Aj^ ® ^^, characterized by inverse temper- 
ature /? and chemical potentials /i^ and //^. We derived explicitly all correlation functions 
of the field A{x,$,) in the representation T^{^^) ® 7^(//^), verifying the KMS condition. 
The n-point function represents a generalization of the Jastrow-Laughlin wave function. 
The exact momentum distributions of the left- and right-moving modes, following from 
the 2-point function, reveal in certain range of the variables (a, r) a clear condensation- 
like behavior. The parameters /i^ and /i^ are related to special shift authomorphisms of 
A,^ and Ap^. Suitable combinations of /z^ and /i^ define the physical chemical potentials 
H and /ig, which are proportional to the vector- and chiral-charge densities. By duality, 
/ig 7^ implies a non- vanishing persistent current. 

The characteristic features of our finite temperature and density bosonization proce- 
dure have been illustrated on the example of the massless Thirring model. We established 
a general class of anyonic solutions, providing an unambiguous derivation of the charge 
density and demonstrating the presence of a persistent current. 

The general framework proposed in the paper is mathematically self-consistent and 
is interesting not only from a purely theoretical point of view. It is widely accepted by 
now, that the excitations described by the anyon field A{x, ^) are relevant for a class of 
low dimensional condensed matter systems in which the one- dimensional Luttinger liquid 
plays an important role. It is claimed for instance that the edge currents in the fractional 
quantum Hall effect can be described by a Luttinger liquid [§]. Anderson's [^ proposal for 
explaining high temperature superconductivity is based on the two-dimensional Hubbard 
model, whose ground state and low-energy excitations are also interpreted in terms of 
a Luttinger liquid. In this context, the phenomenon of anyon condensation and the 
appearance of a persistent current, discovered in this paper, deserve further attention. 
For application to quantum impurity problems, it will be interesting to extend to finite 
temperature and density the bosonization procedure on the half line, developed in |3j 
We hope to report on this subject in the near future. 



30 



Appendix 



In this appendix we prove the determinant formulae ( |135|jl36| ). It is obvious that 

det ^ = Pix,y) 

where P is a polynomial of degree n^ — n, n being the order of the determinant. Because 
of translation invariance, P depends only on the differences Xij, i/ij and x, — i/j. Moreover, 
if Xi = Xj the determinant has two identical rows and vanishes, so P must be divisible by 
Xij] in the same way if yi = yj the determinant has two identical columns, so P must be 
divisible by yij. We can write then 

n n 

P{x,y) = Cl[{x,,) Hiy,,) (171) 






where C is a constant, potentially depending on n. Considering the particular case Xj = 
yi + Si and expanding in ej one immediately checks that C = 1. Formula ( |136|) is a direct 
consequence of eqs. (|170|J171|) . 



Concerning the determinant formula ( |135| ), put Zi = e^* , Wi = e^' . We have 

Clet — : —. r = Ciet —2 2 ~ Tin T~o 2\ ' V ) 

smh{xi - yj) zf - wj n,,,=i {'4 - wj) 

where the previous determinant formula has been used. Now 



Z: — Z 



2 _ o~ ~ „;,,T,/'^ ^ „,,2 „..2 



2ziZj sinh(xjj) , w^^ — Wj = 2wiWj smh{yij) 



2 2 

Zi -w 



'j = 2ziWj sinh(xi - yj) , (173) 

and we get 

nr=i (2^iWi) n"^.^, (22^^^) n"^^, i^WiWj) n"^^i smh{x,j) YY^^^^ sinh{yij) 

UZ^S^^iWj) n",=i sinh(2:i - %■) 

A trivial calculation shows that the first fraction equals 1 identically, so we finally obtain 

-, nr,=i sinh(xij) YY^^^^smh{yij) 

smh(Xi -yj) [ |^ ^^^ smh(xi - yj) 

Eq. (|135|) is a straightforward consequence of this identity. 
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